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The objective of this study was to examine seven mathematical models to evaluate their efficiency 
in describing the lactation curve for fat to protein ratio (FPR) in the first three lactations of 
Iranian Holsteins. Data were 8,103,044 test-day records for FPR from the first three lactations of 
Iranian Holstein cows which were collected in 2392 dairy herds from 1991 to 2014 by the Animal 
Breeding Center of Iran. Each model was fitted to test-day records of FPR using the NLIN and 
MODEL procedures in SAS. The models were tested for goodness of fit using adjusted coefficient 
of determination, root mean square error, Durbin-Watson statistic (DW), Akaike’s information 
criterion (AIC) and Bayesian information criterion (BIC). The highest values of FPR were observed 
in early lactation, which was followed by a decline as the lactation progressed and an increase toward 
the end of the lactation period. For the first three parities, Dijkstra model provided the lowest AIC 
and BIC values, whereas Nelder model had the greatest values of AIC and BIC. Therefore, Dijkstra 
equation provided the best fit of FPR for the first three parities of Holstein cows, and Nelder model 
was fitted worst. According to DW values, it seems that there was only a slight or no problem of 
residual autocorrelation for FPR in Iranian Holsteins. After selecting an appropriate mathematical 
model to describe lactation curve of FPR, it is possible to develop an optimal strategy to obtain a 
desired shape of lactation curve through modifying the parameters of model.
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The lactation may be defined as the secretion of milk produced from simple 
blood nutrients by the milk-synthesising cells of the mammary glands, together with 
the removal thereof from the mammary gland [Lombard 2006]. The mathematical 
description of milk yield over the lactation demonstrates one of the most important 
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applications of mathematical models in animal science [Pulina et al. 2001, France and 
Thornley 1984]. Several justifications can be proposed for the need of a mathematical 
modelling of the lactation pattern. Mathematical models of the lactation curve and, 
in general, of the mammary gland represent a valuable tool for basic studies aimed at 
increasing the scientific knowledge of complex physiological mechanisms that underlie 
the milk secretion process [Dimauro et al. 2007]. Lactation curves may be used by 
physiologists, nutritionists and other researchers to mimic the lactation process and 
to study the relationships existing between secretory cells, hormones, energy supply 
and environmental effects affecting the milk production [Strzałkowska et al. 2010,  
Steri et al. 2012]. Knowledge of the lactation curve is required for feeding, breeding 
and economic management of a dairy herd. Lactation curves are especially important 
when making decisions that are time-dependent [Tozer and Huffaker 1999].

The periparturient period of the dairy cow is one of the most critical periods over 
the productive and reproductive life. In the late dry period and early lactation, an 
insufficient dry matter intake in combination with a high energy requirement due to 
initiation of milk production leads to a negative energy balance. The energy balance is 
defined as the difference between energy consumed and energy used for maintenance 
and production [Goff and Horst 1997, Jóźwik et al. 2012a]. Typically, fresh cows are 
not able to consume enough energy to meet their physiological energy requirements 
and, consequently, they enter into a negative energy balance status [Doepel et al. 2002, 
Bauman and Griinari 2003]. Cows in an extreme state of negative energy balance 
in early lactation are metabolically stressed and show greater incidence of diseases 
such as mastitis, lameness, and metabolic disorders including ketosis [Goff and Horst 
1997, Collard et al. 2000, Ingvartsen et al. 2003]. Moreover, fertility is impaired 
[Veerkamp et al. 2000, Wathes et al. 2007]. Enhancing nutrient intake seems, therefore, 
imperative to maximize health and reproduction of periparturient cows [Jóźwik et al. 
2012b, Ghavi Hossein-Zadeh 2013]. Milk components can be used as a diagnostic and 
monitoring tool in nutritional evaluation. Milk fat and protein concentrations follow the 
inverse of the lactation curve for milk yield, mainly due to the dilution effect [Eicher 
2004]. The variation of milk fat and protein concentrations over the lactation should 
be considered when attempting to use milk components as a nutritional assessment 
tool [Podpečan et al. 2008, Strzałkowska et al. 2009]. Several studies have shown a 
correlation between energy levels and milk composition using different traits such as 
fat to protein ratio (FPR), protein to fat ratio, fat-lactose-quotient, milk yield and milk 
protein concentrations [Heuer et al. 1999, Reist et al. 2002]. Greater values of FPR 
are associated with decrease in dry matter intake and increase in fat mobilization over 
negative energy balance phase after calving [Eicher 2004, Čejna and Chladek 2005]. 
FPR is mostly used as a diagnostic tool to estimate nutritional disbalance, negative 
energy balance and some metabolic disorders such as subclinical or clinical ketosis and 
abomasal displacement [Heuer et al. 1999, Eicher 2004]. Thus, changes in FPR in milk 
could be an indication of the ability of a cow to adapt to the demands of milk production 
and reproduction efficiency in postpartum period [Loeffler et al. 1999].
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The lactation curves and their features for milk yield and its components (milk fat 
percentage, milk protein percentage and somatic cell score) for the first three lactations 
of Iranian Holsteins were evaluated in previous study [Ghavi Hossein-Zadeh 2014]. 
But studies on the lactation curve for FPR are rare in the literature. Therefore, the 
aim of this study was to examine seven mathematical models (Brody, Wood, Dhanoa, 
Sikka, Nelder, Rook and Dijkstra) to evaluate their efficiency in describing the 
lactation curve for FPR in the first three lactations of Iranian Holsteins.

Material and methods

Data

Initial data set were 8,103,044 test-day records for milk fat to protein ratio (FPR) 
from the first three lactations of Iranian Holstein cows. Data were recorded in 2392 
dairy herds from 1991 to 2014 by the Animal Breeding Center of Iran. Outliers 
and out of range records were deleted from the analyses. Individual daily fat and 
protein percentages should be in a range from 1 to 9% [Ghavi Hossein-Zadeh 2014]. 
Records from DIM <5 and >305 days were eliminated. Records were also eliminated 
if registration number of a cow was missing. Analyses were applied only to the first 
three parities and, therefore, data from later parities were discarded. Ages at calving 
were required to be between 20 and 40, 28 and 49, and 40 and 68 months in lactations 
one, two, and three, respectively. After editing, 5,729,061 test-day records from 1821 
dairy herds were used in the statistical analysis. Number of animals (test-day records) 
were 372,942 (2,492,385), 290,559 (1,939,442) and 198,484 (1,297,234) in first-, 
second- and third parities, respectively.  

Lactation curve models

The non-linear equations used to describe the lactation curves for FPR are 
presented in Table 1. A first attempt to describe the changes in milk yield over the 
lactation with a functional relationship was proposed by Brody et al. [1923] which 
used an exponential function to describe the declining phase of lactation in dairy cattle. 
In this model, a is the parameter representing the approximate initial milk yield at the 
beginning of lactation and c is the declining slope parameter. The incomplete gamma 
function proposed by Wood [1967] has been used widely to study lactation curves, in 
which scaling factor a represents yield at the beginning of lactation, b is the inclining 
slope parameter up to peak yield, and c is the declining slope parameter [Silvestre et 
al. 2006]. Dhanoa [1981] proposed a model which is similar to the Wood model. The 
correlation coefficient between parameters b and c was lower in Dhanoa model than 
in Wood model. The parabolic exponential function introduced by Sikka [1950] to 
model milk yield resulted in a bell shaped truncated curve that, as a result of the curve 
symmetry around peak yield, fitted milk yield reasonably only during first lactation 
[Gahlot et al. 1988]. Nelder model (also known as inverse polynomial model) was 
proposed by Nelder [1966] and is derived from the Sikka model. In the Sikka model, 
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a is approximate initial FPR after calving, but in the Nelder model, this parameter is 
related to the declining rate of FPR after calving. In the Sikka and Nelder models, b 
is inclining slope parameter up to peak yield and c is declining slope parameter. Rook 
et al. [1993] and Dijkstra et al. [1997] were modified forms of mechanistic models, 
based on a set of differential equations representing cell proliferation and cell death 
in the mammary gland. In the Dijkstra model, a is cell population at parturition or the 
theoretical initial milk production, b is specific rate of cell proliferation, c is a decay 
parameter and d is specific rate of cell death. In the Rook model, parameter a is milk 
yield at the beginning of lactation; b is a parameter related to the rate to reach peak 
yield; c is a parameter related to maximum milk yield and d is a parameter related to 
changes in curve shape after reaching maximum yield.

Statistical analyses

Each model was fitted to test day FPR records of dairy cows using the NLIN and 
MODEL procedures in SAS [SAS Institute 2002]. Predicted FPR values were obtained 
using estimated parameters of different models. The minimum FPR (MY) and time 
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at which minimum occurred (MT) were found for each model. The Gauss-Newton 
method was used as the iteration method. The models were tested for goodness of fit 
using five criteria described below: 

Adjusted coefficient of determination ( 2
adjR ) was calculated using the following 

formula:
where:

Modelling lactation curve for fat to protein ratio in Holstein cows

( )ln 2AIC n RSS p= × +

( )
( ) ( )2 21

1 1adj

n
R R

n p
 −

= − − − 

 2R – the coefficient of determination ( 2 1 RSSR
TSS

= − ); 
TSS – total sum of squares, RSS is residual sum of squares, n is the 

number of observations (data points) and p is the number of 
parameters in the model. 

The root mean square error (RMSE) is a kind of generalized standard deviation 
and was calculated as follows:

1
RSSRMSE

n p
=

− −
where:
 RSS, n and p  – described above. RMSE value is one of the most important 

criteria to compare the goodness of fit of different models and the 
best model is the one with the lowest RMSE. 

The Durbin-Watson statistic (DW) was calculated using the following formula:

where:
te – the residual at time t;

 1te −  – residual at time t-1. 
DW was used to detect the presence of autocorrelation in the residuals from the 

regression analysis. In fact, the presence of autocorrelated residuals suggests that the 
function may be inappropriate for the data. The Durbin-Watson statistic ranges from 
0 to 4. A value near two indicates non autocorrelation; a value toward 0 indicates 
positive autocorrelation; a value toward 4 indicates negative autocorrelation. 

The Akaike’s information criterion (AIC) was calculated using the equation 
[Burnham and Anderson 2002]:

where RSS, n and p were described above. AIC is a good statistics for comparison of 
models of different complexity because it adjusts the RSS for number of parameters in 

n

t=2
n

t=1
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the model. A smaller value of AIC indicates a better fit when comparing models.
The Bayesian information criterion (BIC) was calculated as follows [Schwarz 

1978]:

N.Ghavi Hossein-Zadeh  

( )ln lnRSSBIC n p n
n

 = + 
 

where RSS, n and p were described above. A smaller value of BIC indicates a better 
fit when comparing models.

Results and discussion

Estimated parameters of non-linear models for the first-, second- and third-parity 
dairy cows are presented in Table 2. Results showed that scaling parameter a which 
represents FPR at the beginning of lactation was greater for Wood and Dhanoa models 
compared with all equations except for Nelder model. Also, FPR values at the beginning 
of lactation (parameter a) were greater in first parity cows than those in second- and 
third parities. Parameter a in the Nelder model, which associated with declining rate 
of FPR after calving, was lower in first parity cows compared with subsequent parities. 
This indicated greater decline rate of FPR after calving in first parity cows. 

Goodness of fit statistics for the seven functions fitted to average standard curves 
of FPR according to parity class are shown in Table 3. 2

adjR  values for different models 
fitted to FPR records were similar. Also, no differences were found among different 
models based on DW values. The goodness of fit statistics for Wood and Dhanoa 
models were similar or very close in this study. DW values varied from 1.46 to 1.50 
across the parities. These values indicated slightly positive autocorrelation between 
residuals. No differences were found among different models based on RMSE values. 
Dijkstra model had the lowest AIC and BIC values and Nelder model had the greatest 
values of these statistics. Therefore, Dijkstra equation provided the best fit of FPR for 
the first three parities of Holstein cows while Nelder model provided the worst fit. 

The FPR values increased a little in the first few days of first-, second- and third 
lactation and then decreased to the minimum values of 1.03, 1.03 and 1.04 on days 
136, 117 and  92, and finally reached to the values of 1.06, 107 and 1.08 on day 305, 
respectively (Tab. 4, Fig. 1). Nishiura et al. (2015) reported phenotypic values of FPR 
increased in the first few days of lactation and reached to its peak on days 10 to 20 in 
Holstein cows of Japan. 

Minimum FPR (MY) and time at which daily FPR was minimum (MT) predicted 
by the seven non-linear functions are shown in Table 4. In the first lactation, the 
Dijkstra equation estimated the MT more accurately than the other equations, although 
MT was over-predicted by all models. The Wood, Sikka, Nelder, Rook and Dijkstra 
models provided closer estimates of MY to the observed values compared with Brody 
and Dhanoa equations. The Wood model estimated the MT more accurately than the 
other equations in the second lactation, while other models over-predicted the MT. 
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Also, Sikka, Nelder and Dijkstra equations provided closer estimates of MY to the 
observed value of minimum FPR than the other models. For third lactation FPR, 
the MT was predicted closer to the observed time of minimum FPR by the Dijkstra 
model, although MT was over-predicted by all models. The Sikka equation provided 
more accurate prediction of MY than the other models. 

Fat to protein ratio predicted by different models are depicted in Figure 2. The 
highest values of FPR were observed in early lactation, which was followed by a 
decline as the lactation progressed and an increase close to the end of the lactation 
period. The FPR peak in early lactation could be related to the negative energy balance 
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and the consequent tissue mobilization associated with stresses of calving and peak 
milk production [Buttchereit et al. 2010, Toni et al. 2011, Jamrozik and Schaeffer 
2012]. In this period, an energy deficit leads to an increased fat synthesis in the udder, 
and inadequate intake of carbohydrates can cause an insufficient protein synthesis 
by ruminal bacteria resulting in a decrease in milk protein content [Buttchereit et 
al. 2009, Gürtler and Schweiger 2005]. Therefore, FPR may be an easy tool to 
differentiate between cows that can or cannot cope with the challenges of an early 
lactation [Jamrozik and Schaeffer 2012]. 
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Increasing trend of FPR nearing to the end of lactation after reaching the minimum 
could be due to increased energy requirements by heavily pregnant cows to support milk 
production and advanced fetal growth [Negussie et al. 2013]. Buttchereit et al. [2010] 
observed a slight increase in FPR toward the end of the lactation in German Holsteins. 

Modelling lactation curve for fat to protein ratio in Holstein cows

Fig. 1. Milk fat to protein ratio in first three parities of 
Iranian Holsteins.

Fig. 2. Fat to protein ratio predicted by different 
models in parities 1 (a), 2 (b) and 3 (c).

(a) (b)

(c)
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Cows with very high lipo-mobilization, as shown through a high FPR in early lactation, 
may be flagged for additional attention to prevent disease occurrence and milk loss 
[Duffield et al. 2003] or to diagnose postpartum problems earlier. An increase of FPR in 
a large number of early-lactation cows indicates a transition problem at the herd level. 
This situation should be carefully controlled by herd persons to prevent any problem 
in the early dry period and transition period [Grummer et al. 2004, Mulligan et al. 
2006, Tony et al. 2011]. Similar trend for FPR variation over the lactation was reported 
in previous studies [Čejna and Chládek 2005, Buttchereit et al. 2010, Jamrozik and 
Schaeffer 2012].

It is worth noting that Dijkstra equation, as the best model for describing the 
lactation curve for FPR in this study, has two benefits over the Wood model, namely, 
the precise biological meaning of the parameters and the value of the intercept that is 
not null [Ghavi Hossein-Zadeh 2014]. The similarity of Wood and Dhanoa equations 
for modelling lactation curve of FPR could be expected because Dhanoa model is the 
reparameterized form of the Wood equation [Ghavi Hossein-Zadeh 2014]. Buttchereit 
et al. [2010] evaluated five lactation curve models (Ali and Schaeffer, Guo and Swalve, 
Wilmink, Legendre polynomials of third and fourth degree) fitted for FPR of milk and 
selected Ali and Schaeffer as the best fitting model for FPR in German Holsteins. 

It seems there was no problem of residual autocorrelation for FPR because DW 
values were close to two. Positive autocorrelation is serial correlation in which a 
positive error for one observation increases the chance of a positive error for another 
observation [Ghavi Hossein-Zadeh 2014]. 

Goodness of fit statistics obtained from non-linear models was different 
between primiparous and multiparous cows. Differences between the lactation curve 
characteristics in primiparous and multiparous animals might be the reason for this 
result. The variation in the fit of non-linear equations may have arisen from the 
differences in mathematical form of the models, test day yields, number of test day 
records and number of days between tests [Ghavi Hossein-Zadeh 2014]. Differences in 
lactation curves are a combination of genetic and environmental elements [Pérochon et 
al. 1996]. To interpret the output data obtained from fitting mathematical models it is 
necessary to consider the biological and physiological properties of these equations.

The FPR is a trait with an intermediate optimum and its inclusion into breeding 
programs should be made carefully. Selection on a low FPR may be beneficial for cow 
robustness, but, on the other hand, a very low fat to protein ratio is known to be an 
indicator for acidosis [Seggewiß 2004]. 

The choice of an appropriate mathematical model to describe lactation curve of 
FPR could provide the possibility of direct selection on the level of the lactation curve 
for individual animal. Therefore, it is possible to develop an optimal strategy to obtain 
a desired shape of lactation curve through modifying the parameters of model. The 
change in FPR over the lactation might be an appropriate selection criterion in order 
to improve the energy status and minimize the metabolic disorders in dairy cows. 
This change can consequently reduce the cost of the production system. Of the seven 

N.Ghavi Hossein-Zadeh  
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mathematical functions investigated in this study, Nelder model was fitted worst and 
Dijkstra model provided the best fit of the lactation curve for FPR in the first three 
lactations of Holstein cows because of the lower values of AIC and BIC compared with 
other models. According to DW values it seems that there was no problem of residual 
autocorrelation for FPR. Dijkstra equation was able to estimate the time at which FPR 
was minimum closer to the observed values compared with other equations, although 
minimum time was over-predicted by all models in each of the first three lactations.

Acknowledgements. Author wishes to acknowledge the Animal Breeding Center 
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